AA214 - Solution Set 2 Answer Sheet
Answers on Taylor Tables and Truncatin Error

1. Problem 1: Answers available upon request.

2. Problem 2
(a)
alAz(6,u); — (—ujp2 + Bujr1 — Buj—1 + uj—2) = aAx ery
. ou 2 (0%u 3 (9%u 4 (9% 5 (9%u
uj | Az (8m)j Az (ax2)j Az (azg)j Az (W)j Az (aw5)j
aAz(dyu); e
1 2 3 4 5
Uiyo 1 (1)1(!2) (1)2(!2) (1)3(!2) (1)482) (1)55!2)
_ 1 _ 2 _ 3 _ 4 _ 5
—Bujy1 | —f ( 51)!(1) ( ﬂZ)!(l) ( 531(1) ( ﬁi!(l) ( Bg!(l)
—1)1 _1)2 _1)3 _1)\4 _1)5
Bu;_y 3 (/3)(1! 1) (ﬂ)(zl 1) (/3)(3! 1) (ﬁ)(4! 1) (ﬂ)(5! 1)
— _9\1 _ —9)2 _ —_9)\3 _ _9)4 _ _9\5
—uj g 1] ¢ 1)1(! 2) ( 1)2(! 2) ( 1)35! 2) ( l)i! 2) ( 1)5(! 2)
alAzery | 0 | 0 0 0 0 ?

To get 4" irder accuracy, the first 5 columns must sum to 0. The 1%, 3" and 5 columns are
indentically 0, while setting the 2"¢ and 4" column to 0 give the two equations for the two
unknowns «, 3

a+4-28=0
16 —28=0
resulting in 8 = 8 and « = 12 which gives the fourth order method with

1. ,(0u
Eery = %A$ <81‘5>]
If B =4, then @ = 4 and the fourth column does not sum to zero and the method is second

order accurate.

3. From the Taylor table

o b () a a-(-1)-1  a- (=15 a-(-1)*§
s (8) 1
—d-uj_q —d —d- (1)1 —d- (=121 —d- (=131 —d- (-1t 4
—C’Uj —C




the following equation has been constructed to maximize the order of accuracy

(a)

0 -1 -1 -1][a 0
1 -1 0 1{[b] | -1
2 -1 0 -1||e| | 0
3 -1 0 1][d 0

This has the solution [a, b, ¢, d] = [2,1,4, —5]/4, so the scheme can be expressed as
1
2(53:71)]41 + 4(5mu)j - Aix[—@uj;l + 4Uj + Uj+1] = O(Aaz?’)

The Taylor series error of this difference scheme is

1
24

1 ) Ax3 @
4 Oxt

ery — (2.(—1)3 . % +5. (=1
_ AL (0t
24 \ 024 ;

Answers on Modified Wave Numbers

4. Find the expression for the modified wave number in the following centered difference
approximations to (du); in terms of Az and k. This is done just as done in class where we let
uj = €A% (Cast the results in terms of sin(kAz) and cos(kAx)).

(a) (dsu)j = (uj41 — uj-1) /(2A2)
We apply u; = e™IAT 6 both sides and get

(ik/eiijx) _ pikiAz <€+ik:Ax _ e—ikAx) /(2Az)
which give us
;SikAT)
Az

(b) (0zu)j = (—uj+2 + Bujp1 — 8uj1 +uj—2) /(12A)
We apply u; = e™IAT o both sides and get

ik =

(ik/ezkjm) — pikiAz (_62ikAm 4+ getikAw _ go—ikAw | 672ikAx) /(12Az)
which give us
(%sin(k‘Az) - %sin(2kAa;))

Ax

() § ((Oau)jr +4(0xu); + (Oru)j1) = (w541 — uj1) /(2A2)
We apply u; = e™IAT 6 both sides and get

ik =i

éeiij:r (,L-k/e—l—ikA:r + 4Z]€/ + ik/e—ikAx) — eiijm (e—l-ikAx o e—ikAm) /(2A3§)

which give us
in(kA
(2 + cos(kAx)) ik’ = Zsm(AgUa:)

W

or
3sin(kAx)

gl
W =A@ + cos(kAD))




5. Find the expression for the modified wave number in the following one sided difference
approximations to (d;u); in terms of Az and k. In this case there will be real and imaginary parts
to the modified wave number. (Cast the results in terms of sin(kAx) and cos(kAx)).

(a) (0,u)j = (uj —uj_1) /Az We apply u; = e*2% to both sides and get
(iklez‘ija:) — pikiAz (1 . e—ik‘Am) /(Az)

which give us
1 —cos(kAx) n 2,sin(kAav)

1/
ik Az Ax

(b) (0zu); = (3u; —4uj1 +uj—2) /(28%)
We apply u; = e’*IA% to both sides and get

(ik/eiijz) _ pikiAz (3 _ Jo—ikAz + efmmx) /(2Aa:)

which give us

3 —4cos(kAzx) + cos(2kAx) n Asin(kAx) — sin(2kAx)

1)
ik 2Ax ! 2Azx

(¢) 2(0zu);j + (0zu)j1 = (ujr1 +4u; — Suja) /(28%)
We apply u; = eIAT 6 both sides and get

(ikiAT (2ik’ 4 ik/e—ikA:c) _ pikiAx (e-‘rikA:r: 44— 5€—ik:Aa:) /(2Az)
which give us

— 2cos(kAx) + 3isin(kAx)

2
(2 + cos(kAx) —isin(kAx)) ik’ = AL

or

2 — 2cos(kAx) + 3isin(kAx)

.k/ —
! (2 + cos(kAx) —isin(kAx)) Ax

You can avoid doing all the complex algebra and just evaluate these terms in complex arithmetic
for the next problem.



